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1. Introduction and Summary

The theory of successive sampling developed by Jessen (1942),
Yates (1960), Patterson (1950), Eckler (1955), Rao and Graham'
(1964) and others for single-stage sampling design was extended to
two-stage sampling by Kathuria.(1959), "Singh (1968) and Singh and
Kathuria (1969). Tikkiwal (1964) has extended the covariance
conditions developed by Patterson to two-stage sampling and obtain
ed conditions for arriving at best unbiased estimator for the mean
on the current occasion.

.Using a two-stage sampling design, Singh and Kathuria (1969)
obtained the minimum-variance unbiased estimator of mean under
two different sampling patterns, namely, (I) when a fraction p of the
primary sampling units (psu's) with their samples of second stage units
(ssu's) are retained from previous occasion to the current occasions and
a fraction q of the psu's are selected afresh {q-\-p = \), and (II) when
all the psu's in the sample on the previous-occasion are retained on
current occasion but only a fraction p of the sample of ssu's within
each psu is retained and a fraction q of the ssu's is selected afresh.

In repeat surveys, one is often interested not only in obtaining
an estimate of the character for the most recent occasion but also in
study of change in value of the character on the recent occasion from
the immediately preceding occasion. Similarly, it would be of interest
to simultaneously estimate the mean on the current occasion and
the change on the current occasion from the immediately preceding
occasion.
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In section 21 we define the population parameters and indicate
the assumptions made on them. In sections 2.2 and 2 3 are given
the sample estimates of the population means and their variances
derived under the two sampling patterns as obtained by Singh
and,Kathuria (1969) and in section 2.4 the relative efi&ciency
of the two estimates has been obtained in sampling upto 5 occasions.
In sections 3 and 4, estimate of change and simultaneous estimation
of mean and change have been--discussed under the two sampling
patterns and their relative efficiencies have been obtained. It would
be seen that for estimating the mean on the current occasion,
sampling pettern I is generally better than the sampling pattern II so
long as the mean squares between psu means is larger than the
mean squares between ssu's and the correlation between the psu
means is not equal to zero. Similarly, for estimating the change as
well as for obtaining the combined estimate of the mean and the
change sampling pattern II is found better than pattern I for some
values of the correlation coefficients and ihe mean squares between
psu's and ssu's and vice-versa for others.

2. Estimate of mean on the cuRREl^.T occasion

2.1. Let there be a population tt consisting of // psu's wherein

each psu consists of M ssu's. Let y be the value of the 1-th ssu
kl

in the /c-th psu drawn on the r-th occasion (j = 1, 2,...h; k^l, 2,...iV;
1= 1, 2,...M). We are required to estimate the population mean

(h) —W 1 ^ M (/,)
Y , where F = rj-— s 2 j .

NM kt I 1=1 ^kl

Define

2(0_ 1 N , (,•) (,•) ^

as the mean square between the psu means in the population on the
f-th occasion,

w N{M-\) V ^kl k. J

as the mean square between ssu's within psu's in the population on
the f-th occasion (/=1, 2, .../z),

(J)_ 1 ^ f^(')
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as the covariance between psu means in the population on the i-th
and 7-th occasions and

ii>J) Ji) Jj)

)f It' IK NiM-1) iZiVJcl k.JVkl k:J

as the covariance between ssu's withjn psu's on the /-th and j-th
occasions 2,...h). For simplicity, we may assume iVand M

to be large such that terms of the order and ^ are ignored,.
Further, we may assume that

s[-'̂ =S,aQdS '̂̂
b b If

We also assume that

('•>/) 10' I j i'j)
P = p andp

b b w

for all j'='\,2,...h.

--S'
W

Also we write

5,^ 9vS>,'+P,o ^=T.

\iJ\

2.2. Sampling pattern i

Let the sample size on any occasion consist of n psu's each of
them consisting of m ssu's. Let the sample size on the h-th occasion
consist of vp psu's with their samples of ssu's retained from the total
sample drawn on the preceding occasion and nq psu's selected afresh
from the population (<? f/'=!).

Let ^ and 1 '̂'' denote the means on the
1 12 2

(/;-])-th and h-th occasions based on tipm and nqm units res
pectively. Singh and Kathuria (-1969) obtained the following estimate

—(h)
of Y ..

_(/,) r^-w,7 I n +j-[ y{h) y,^{h-l) -(/I-l)

)] -fCl-Cft) y
•(/!)

,..(2.2.1)
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where

y Y®
...(2.2.2.)

and Ci=p. The variance of the estimate y is given by

ny '̂'̂ )-{\-Cn) ^ . ' ...(2.2.3)
The limiting value of when sampling is carried over sufficient
number of occasions may be obtained by writing c;,=c';,_i=c in
(2.2.2) above and then solving for c.

This gives

2pr^ ...(2.2.4)

as the possible value of

>

2.3, Sampling pattern ii

With the same notation for the sample means as in section
2.2., the estimate of the population mean on the A-th'occasion may
be obtained as follow :

Ah) (—(/<) —(/i-l)sE =0/, j J ^ (^ >• - y^ j

and its variance is given by

n nmq

+ ,..(2-3-l)

where

, / N 2 , 2l—(q-p)p ~pb ' p
If /; —1 w

...(2-3-2)

.„(2-3-3)

bi being equal to p. .

The limiting value of b,^ when sampling is carried over sufficient
number of occasions is obtained by writing b,^~bh-.-^=b^ in (2 3-3)
and then solving for b which is given by

.['-p</(g-;^)] - V[l-9wHq-pW-Ap''9j
2ppJ

. (2'3-4)
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2*4. Efficiencies of. the estimates and optimum replacement
fraction :

Singh and Kathuria (1969) examined the efficiency of the
estimate in relation to i e. for h=2, for a set of values of

Pbj Pwf ,

and m. Only positive values of and p«, were taken although
negative values of p;, and p„ in an actual survey are not un-common.

In table 2*1, the efficiency of the estimate has been worked
out in relation to 3^for b—2, 3, 4 and 5 for a set of values of
P6. P„ and 0. It would be seen from (2'3-2) and by virtue of
(2 3'3) that the relative efficiencies are symmetrical w.r.t.
Hence only positive values -of pw, ranging from 0 to 0*9 have been
taken in Table 2-1. '

The following observations may be made regarding the efficiency
of the estimate in relation to the estimate y •

(0 When ^=0'1 and hence SJ' < S,\ EW is less efficient than
for all h and for all values of p!, and p„ except when Pi,=0 in

which case both the estimates are equally efficient. There is a slight
decrease in the relative efficiency whea we go bsyond the second
occasion.

((7) When ^-1, i.e., is more efficient than
only for particular combinations of ps ^ 0 and p„ ^ 07 for

all //. The efficiency slightly increases or remains constant from third
occasion and onwards,

{Hi) When 93=1,0 and hence

SJ" <

is more efficient than when pt < 0 and p«, ^0. E^ ^
is also equal to or a little more efficient than when p6=0-5 and
p,i,=0 and 0-9.

When h=2, using sampling pattern I we^have

;..(2'4-l)Viy ) n •(a^-YV.)
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The optimum vaiue of q [call it ^(1)] is given by

This gives

and

^)=0.
dq

_a®—aVa^—
^(1) ? ~

opt ' 2«L1 +

Similarly, using sampling pattern 11 we have

•S." , (1-pA) s,«

...(2'4-2)

...(2-4'3)

...(2-4-4)

The optimum replacement fraction, call it ^,2) >'"s'y be seen to be
given by

'̂ (2)
Pw'

...(2-4-5)

and

3. Estimates of change :

31. Sampling pattern I

We estimate the difference "FCO —"fC/'-U of the means of
populations oh Ath and (It —l)-th occasion by the quantity.

dC')^ y^l')~ ylh-l).

To obtain V(d^ '̂̂ ) we need to get

Cow

Now,

(/i) (h-l)
Cov ( r y )=Cov r _ C_(/') y) f_(/0 Y

.f3'l-l)

{y

—Vi )(+(I-c)y =c(l-c
h 2 . h h-V n
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Therefore,

= (1-c) + (1-0 ) 2c (1-c -1)
h np '• h-V np h h ' nq

where c is given by (2 2 4) above.

3'2. Sampling pattern II

...(3-1-2)

We write the estimate of difference of means y and y

as

Now,

Cov {E

dC') =£('0 .

^ )= P6 ;; "ft (1 —^A-i) nmq

Therefore,

F(Z)(''>) = F(£"") + F(£("-i>)-2 Cov (£<"',

...(3-21)

...(3-2-2)

where b is given by (2'3'4) above. In table 3'1, the efficiency

of the estimate has been worked out in relation to the estimate

dC'' for a set of values of ps, p„, 0 and m.

The following observations may be made regarding, the

efficiency of the estimate in relation to the estimate .

(i) When pij^O, D'''̂ is more efficient than is also
more efficient than for P6<0 when p,„=0'9 and

f S '^\
(//) For a given value of <!> the efficiency increases

as Pi, increases from —0'9 to +0"9,

(fi) As <!> increases from O'l to lO-O, the relative efficiency
increases if pi,<0 but decreases if >0 for fixed values of p^ and q.

O'v) The relative efficiency decreases as changes from 0 5 to
Q-75 when ps<0 bi>t increases when pi,>0.
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4. Combined estimate of mean and difference

4'1. Let us now consider the case when estimate of mean on
the current occasion and the difference of means between two
occasions are both of equal interest. For simplicity sake, we will
take the case when sampling is done for two occasions. The
objective is to obtain an estimate-2'^' for mean on the second
occasion and an estimate of change such that the estimated
change is the diflference between estimated means i.e.
where is the sample mean on the first occasion. It may be
easily seen that and can be written in the form :

+ + ...(4-1-1)

and

where and may be obtained in a manner such that V{z'̂ ")+
+ is minimum. Under sampling pattern I, the values of
and Vj are given by

and

ayg-gg)

(a-'-y-q")
Vi =

With the above values of and Vj, we get

and

QU)'
a"

« (a^—ygg) 1 pqa.f-

pqa.y^
n{c(.—yq) '4:n

The optimum value of q which minimises is given by

-y

...(4-1-3)

...(4-1-4)

and the optimum variance is given by

(«+ Vi^+-2„ .-T . - -,, T v.-'-r')"

Similarly, the optimum value of q which would minimise
is given by q\i)=0 and the optimum variance is
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•••(4-1-4)'

Under sampling pattern II, the estimates of mean and the
difference may be written as

^(2)=u,yP+{\-u^)yr-' + MP){yx'^' - - (4-1 -5)

and

where and Vg are obtained in the same manner in which % and Vj
were obtained. This gives.

and

The minimum variances of the estimates are given by

I H—S,„^ PQPw^SJ' r4.i-7i

and

...(4-1-8)

The optimum value of q which minimises F(Z'2') is given by

s?
and the optimurn variance is given by •

Vo,,9 (2< '̂)= '̂+(i'+ ^n 2nm 8nm(H-V I-p,/)

...(4-I7)'

Similarly, the optimum value of q which minimises V(d '2') is given
by (7'(2)'=0 and the optimum variance is given by

(l-P") '5.H2(.l-p.) ^ ...(4-i-8)'
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which may be seen to be same as (4'1'4)' above. By comparing
(4'1'3) with (2'4 I) and (4"1'7) with (2'4"4) it may be seen that if
the objective of the survey is to obtain combined estimate of both
the mean and the difference, the variances of .the estimated mean is
increased by the quantity

when sampling pattern I is used and is increased by the quantity

when sampling pattern II is used. Taking into account the optimum
values of q, under sampling pattern T, (t-l.-3)' is larger than (2'4-3)by
the quantity

and under sampling pattern II; (4'17)' is larger than (2'4'6) by the
quantity

2 O 2
Vio

8«/m(1+ VI
Kathuria (1959) obtained estimates of dilference of means of two
occasions under both the sampling patterns with the assumptions
made in section 21. The variances of these estimates are given by

y _ 2a(«-T)

and

_ 2(i-p,).y,^+2(t-p„,) ^
"(I-M) nm

where suffices I and 11in the above variance expressions indicate the
corresponding sampling patterns. It may be seen that the increase
in variance of estimates of difference under both the sampling
patterns is the same as for respective estimates of mean. The
relative efficiencies of the estimates of mean and the difference under

the two sampling patterns may be seen in Tables 4'1, and Table 4 2.

We make the following obsevations regarding the efficiency of
the sampling pattern I with respect to sampling patterns II regarding
the combined estimates of mean and change.

(/•) In order to estimate the mean, for <l> <1 {i.e. S,„^ <Si,%
sampling pattern II is generally better for all values of pp
and p,o except for p,,=0. For p6=0, the two patterns are
equally efficient,
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(//) For > 1 {i.e. SJ > S^^), sampling pattern II is better
than pattern I for Pi,> 0, p,„ < 0 and 0, p,(,> 0. and
vice-versa for p^ < 0, p„, < 0 and ps > 0, p,„ >0.

(Hi) Similarly for estimating the change, sampling pattern II
is better than pattern I for ?;,< 0 for all values of pw and
(f>. For p(, > 0, sampling pattern I is better that pattern
II.
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TABLE 3.1

Relative efficiency of the estimate of change with respect to the estimate for different values of 0 and qfor m=4{h)
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TABLE 4.1 -

' Relative efficiency of T(2) for different values .of P^, P„. 0 and qfor m=4

0 9=.50 9= .75

Pa,=_0.9 -0.7' -0.5 0.0 0.5 0.7 0.9 P„=-0.9 -0.7 . -0.5 . 0.0 0.5 0.7 0.9

CJ1
o

ZJ
>

o"
ra

'-0.1

I

P 0.81
0.81
,0.82
^0.82 -
0.83'
0.83
0.84.
'0.79
0.^0 0.800.81
0:82

6.82 0.83 S

1

0 0.90
0.90
0.90.
0.90
0.91
0.91
0.91
0.91
0.91
0.91
091 0.92
0.92 .
0.92

•»-y

--0.5 0.95
0.95 ,
0.95
0.95
0.96'

0.96
0.96
0.96
0.96
0.96
0.96.
0.96
0.97
0.97

2
>

0.0 1.00
1.00
1.00
l.CO1.00
1.00'
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

s
:

C
O

0.5
0.96
0.96
0.96
0.95
0.95
0.95
0.95
0.97
0.97
0.96
0.96
0.96
0.96
0.96

0

0.7
0.91
0.91 •
0-91
0.90
0.90
0.90
0.90
'

-
0,92•
0.95
0.92
0.91
0.91
0.91
0.91

0.9
0.84
0.83
0.83
0.82
0.82.
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0.81
0.'83 0.82

0.82,
0.81
0.80
0.80
0.79

0
"ri

2
O
c

§
>
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CO

S
CO '

a,
S.

-0.9 , 0.82 0.'82 • 0.82, 0,84 0.85 0.86 0.87 . 0.80 0.80 0.81 0.83 , 0.85 0.86 0.87

-0.7 0.90 0.90 0.90 ' 0.91 0.92 •, 0.93 0.93 ,6.91 0.91 0.91 0.92 0.93 , 0.94 0.95

: -0.5 0.95 0.95 0.95 0.96 0.96 0.97 0.98 ' 0.97' • 0 96 0.96 0.96 0.97 0.98 0.98

'0.25 : 0.0 1.01 1.01 1.00 1.00 ,1.00 1.01 1.01 1.01 1.00 1.00 1.00 1.00 1.00 1.01

0.5 0.98 0.97 0.96' 0.96 0,95 0.95 0.96 0.98 0.98 0.97 0.96 0.96 0.96 0.97

0.7 P 93 0,93 0.92. 0.91 0.90 0.90 0.90 0,95 0.94
y

0,93 0.92 , 0.91 0.91 0.91

0.9 0.87- 0.86 0.85 • :o.s5 0.82 0.82 0.82 0.87 , 0.86 0.85 . 0.83 0.81 0.80 ..0.80
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