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1. INTRODUCTION AND SUMMARY

The theory of successive sampling developed by Jessen (1942),"
Yates (1960), Patterson (1950), Eckler (1955), Rao. and Graham
(1964) and others for single-stage sampling design was extended to
two-stage sampling by Kathuria (1959), Singh (1968) and Singh-and
Kathuria (1969). Tikkiwal (1964) has extended the covariance
conditions developed by Patterson to two-stage sampling and obtain-
~ed conditions for arriving at best unbiased estimator for the mean
on the current occasion.

Using a two-stage sampling design, Singh and Kathuria (1969)'
obtained the minimum-variance unbiased estimator of mean under
two different sampling patterns, namely, (I) when a fraction p of the
primary sampling units (psu’s) with their samples of second stage units
(ssu’s) are retained from previous occasion to the current occasions and
a fraction g of the psu’s are selected afresh (g p=1), and (II) when
all the psu’s in the sample on the previous.occasion are retained on
current occasion but only a fraction p of the sample of ssu’s within
each psu is retained and a fraction g of the ssu’s is selected afresh

In repeat surveys, one is often interested not only in obtaining
an estimate of the character for the most recent occasion but also in
study of change in value of the character on the recent occasion from
the immediaiely preceding occasion. Similarly, it would be of interest
to simultaneously estimate the mean en the current occasion and
the change on the current occasion from the immediately preceding

occasion.
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In section 2.1 we define the population parameters and indicate
the assumptions made on them. In sections 2.2 and 2 3 are given
the sample estimates of the population means and their variances
derived under the two sampling patterns as obtained by Singh
and, Kathuria (1969) and in section 2.4 the relative efficiency
of the two estimates has been obtained in sampling upto 5 -occasions.
In sections 3 and 4, estimate of change and simultaneous estimation
of mean and change have been~discussed under the two sampling
patterns and their relative efficiencies have been obtained. It would
be seen that for estimating the mean on the current oceasion,
sampling pettern I is generally better than the sampling pattern II so
long as the mean squares between psu means is larger than the
mean squares between ssu’s and the correlation between the psu
means is not equal to zero. Similarly, for estimating the change as
well as for obtaining the combined estimate of the mean and the
change sampling pattern II is found better than pattern I for some
values of the correlation coefficients and the mean squares between
psu’s and ssu’s and vice-versa for others.

2. ESTIMATE OF MEAN ON THE CURRENT OCCASION
2.1. Let there be a population = consisting of N-psu’s wherein
' . (@
each psu consists of M ssu’s. Let ykl be the value of the 1-th ssu

in the k-th psu drawn on the i-th occasion (i=1, 2,...h; k=1, 2,...N;
1=1,2,...M). We are required to estimate the population mean

_Y_(h) b _Y(h) 1 N M p
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Define
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as the mean square between the psu means in the population on the

i-th occasion,
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as the mean square between ssu’s within psu’s in the populatlon on
the i-th occasion (i=1, 2, ...A),
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-as the covariance between psu means in the population on the i-th
and j-th occasions and '

i 0 () - N M ) e Ny (D) =)
AR D A PN 5 — -
P W w NM—1) ;21 11 ),)lcl Yk.) Tl Yk)

as the covariance between ssu’s within psu’s on _the i-th and .j-th
occasions (izj=1, 2,...h). For simplicity, we may assume N and M
to be large such that terms of the order —lﬁ and % are ignored.

Further, we may assume that

s - S( D5, and 8% =s'"=s,,
.b w W, N
We also assume that _
T l”'and (ij) lijl
pb pb' Pw pw

forall it je=1,2,...h -
Also-we write
2

S,? . S
Sb.2 + "’F‘ =, PbS?2+Pw Tn—=.‘{"

2.2, SAMPLING PATTERN I

Let the sample size on any occasion consist of # psu’s each of
them consisting of m ssu’s. Let the sample size on the /-th occasion
consist of #p psu’s with their samples of ssu’s retained from the total
sample drawn on the preceding occasion and ng psu’s selected afresh

" from the population (g + p=1).
. (h=1)— ——(h-1
Let » l(l ) (') ‘and y (21 ) ( )denote the means on the -

(h—1)-th and 'h-th occasions based on npm and ngm umts res-
pectively. Singh and Kathuria (1969) obtained the following estlmatev

_ (A
of Y(')

() () —(h -1 —(h— —_th)
y =al| N +7}< y - )] Jr(l—ch) Y, ' .

re (221)
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where . :
L a= P ~ S w222)
1—— (9—P) —pers oy

and ¢;=p. The variance of the estimate y ® is given by
(i) )

Wy )=(1—ch);‘;.‘ 2y

The limiting value of ¢, when sampling is carried over sufficient
number of occasions may be obtained by wrltmg c,,—ch 1=¢ in
(2.2.2) above and then solving for c.

This gives -

=120 =p = V= A pT—t7%7 (2.2.4)

2pr?
as the possible value of

k4
2.3, SAMPLING PATTERN II

With the same notation for the sample means as in section
2.2, the estimate of the populatlon mean on the A-th occasion may
be obtamed as follow :

.y —(h=1) (k- o
S N | XY CEV S SRSy

and its variance is given by

l Sy?
V(E( ’)) - ;1 +(1— nmq

where

b= ~ 21’ —— .:(233)
l—(g—-p)e —pb ' o
w h—1"w

b, being equal to p.

i

The limiting value of b, when sampling is carried over sufficient

number of occasions is obtamed by writing b,= b,,_l—-bl in (283 3) .

-and then solving for b which is given by

pll=pat@—P)] -V [1—pwz(q—p)]“‘—41129'02 . (2:34)
{ ' 2'”?!!’2 .

(232
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24, Efficiencies of the estimates and optimum replacement .
fraction :

Singh and Kathuria (1969) examined the efficiency of the
estimate E(? in relation to 5 @ je. for h=2, for a set of values of

Pos Pus ¢-=(S"Squ‘_:§>

and m. Only positive values of p, and pw were taken although
negative-values of p, and p, in an actval survey are not un-common.

In table 2'1, the efficiency of the estimate E"™ has been worked
out-in relation to 3 ¥ for h=2, 3, 4 and 5 for a set of values of
oo 0o and ¢. It would be seen from (2'3:2) and by virtue of
(23'3) that the relative efficiencies are symmetrical W.r.t. pus
Hence only positive values. of py, ranging from O to 0'9 have been
taken in Table 2-1. / ' '

The following observations may be made regarding the efficiency
of the estimate E\) in relation to the estimate EALE

(i) When ¢=0-1 and hence §,2 < S,%, E® is less efficient than-
5™ for all & and for all values of p, and p, except when p,=0 in

which caseboth the estimates are equally efficient. - There is a slight
decrease in the relative efficiency when we go bayond the second

occasion.
'-(ii) When ¢=1, ie., $,2=S,2, E®™ is more efficient than

57" only for particular combinations of g, < 0 and p, > 07 for
all i. The efficiency slightly increases or remains constant from third

occasion and onwards.
[(iif) When ¢=10 and hence
. Sw2 < sz
E® js more efficient than 5™ when p, < 0 and pw> 0. EW

" is also equal to or a little more efficient than 7(") when ¢,=0'5 and
pw=0 and 09. ‘

When # =2, using éampling pattern I we have

(2) 2_ .2 . "
V@ )=%.%;1—?% (21
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The optimum vaiue of g [call it g(1)] is given by

d,  (2)
d_q Vi " )=0
This gives
ey al—y? o (24°)
o) G
and
(— )___[1 +ME v (249)
Similarly, using sampling pattern II we have
_ 2
rE™)=Si 4 (1—elq) S, (2404

n (I1=puq?) W

The optimum replacement fraction, call it q(2) » may. be seen to be
given by

1— v 1-"p,2 ¢
9(9) =WP— : | o (2°45)
and - ‘ o :
2} S, -
Vops. (E( ))‘: +( 1+ /\/ I—Pw ) Snm - ...(2:4°6)

3. ESTIMATES OF CHANGE :

3:1. Sampling pattern 1

We estimate the difference 70 — F =1 of the means of
populations on /ith and (5~ 1)-th occasion by the quantity.
d(’1)= y(h)__ y“l—l) . ”(3,11)
- To obtain ¥(d) we need 1o get A

Cov (g, gh=1)),
Now,

[/ h—1 C (h—1 / h—1
Cov (7(1) g_(z ))=Cov l: ?7(1 ), c/,é _) (ﬁ(t )

_(h—1) _h . v
s )} =)y, J= ! i1 ing
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Therefore, -
V@y=v @)+ v h-1)—2ocov (3, gl=1)
[+
=(—e) o + (1=c,.) ﬁ;— 2¢,(1—c, —.1)—
. . . 5
=2(l-—c)( —Le) L (31°2)

where ¢ is given by (22 4) above.

3-2. Sampling pattern 11

We write the estimate of difference of means ¥ (") and 7 ¢—1)

as
D) =gt _gh=1) _ ...(3:21)
Now, _
) (1) S S 2
Cov (B, B =p Bres) P
Therefore,
V(D)= V(E®) 4 V(E("-l))——Q Cov (E™, E(@-D),
—o(] _ SL So? 3.9-
=2(1 —ps) +2(1-b)(1~b py m --1(3 2:2)

where b is given by (2'3'4) above. In table 3'1, the efficiency
of the estimate D) has been worked out in relation to the estlmate
d® for a set of values of ps, pu, ¢ and m.

The following observations may be made regarding the
efficiency of the estimate D™ in relation to the estimate d(®

(i) When p,>>0, D) is more efficient than d) . D) js also
more efficient than 4% for p,<0 when p,=0'9 and S,2>S,2.

th) Foragwen value of ¢ <= 0>, the efficiency increases

as p, increases from —09to +09.

(i) As ¢ increases from 0'1 to 10°0, the relative efficiency
increases if pb<0 but decreases if p, >0 for fixed values of ¢, and ¢.

(iv) The relative efficiency decreases. as ¢ changes from 05 to
0°75 when p, <0 byt increases when 05 2>0.
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" 4. COMBINED ESTIMATE OF MEAN AND DIFFERENCE

4'1. Let us now consider the case when estimate of mean on
the current occasion and the difference of means between two
occasions are both of equal interest. For simplicity sake, we will
take the case when sampling is done for two occasions. The
objective is to obtain an estimate.z® for mean on the second
occasion and an estimate d‘® of change such that the estimated
change is the difference between estimated means i.e. d® =z —jn,
where 7'V is the sample ‘mean on the first occasion. It may be
easily seen that » and d® can be written in the form :

‘ EO =y, @ 4 (1 —1,)5,2 + (v, +2)(F, P —F, V) w8 101)
and »
A=y B+ (1=w)7,® gy O —(L4 )R L (@012)

where u, and 'v; may be obtamed in a manner such that Vz‘2’)+
+ V(d®) is minimum. Under sampling pattern I, the values of
and v, are given by
uiap(a2+%qya) i
(@ —v*q%)
and A
POY* P —yg—a?)
(.aZ_YZqZ)

Vl'—

With the above values of u, and v, we get
Cpsen o % (@2—y2g) pgey’ -
. Ve, (*— Yq)+\4n @='q’) - (S)
and :
’ = 2a(<x—¥) 1 pgey
@y 2\, L . (401
V) ne—yg) '4n  («*-—-y*g?) 4

The optimum value of ¢ which minimises V(z/®) is given by

and the optimum variance is given by

i 1 NCRETY Y V1.9

Voot G2 =— (a4 v a2—+2 — ...(41"3

@)=y (b VI s (1Y)

Similarly, the optimum value. of g which would mmlmlsc
V(d®) is given by ¢'(;,=0 and the optimum variance is
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Vopt .’(J(Z))_.:_.i_ (“—‘Y)- - | (4‘1'4)'

Under sampling pattern II, the estimates of mean and the
difference may be written as

72D =u,,® +(1 — )72 * -+ (v, +P)(F D —7.) o (#1°5)

“and

D O=ug O+ (1—1u) TP+ v, O —(1+1)7®  ..(4'1'6)

where u, and v, are obtained in the same manner in which #, and v,
were obtained. This gives.

L P+ oug)
2 (1 _Pw2q2)
and
p(‘%pwzqg = Puwd — l)

Vo= 3
SR (e

The minimum variances of the estimates are given by -

VE®)= (l Ptq) Sy Pgou*Su”

T ey wn A i 1)

and

— 2 . 3(1—g,) S,2 PGpt  S2
(e < (] - ay S—pgy) S __PPuw” Pw
V(D ) n (l pb)Sh + (l Ow q) nm 4.1 _pwzqg) nm

. (4'1°8)

The optimum value of ¢ which minimises V(Z) is *gfven by

1—/1—
Qoy=—— P’
Pll)

and the optimum variance is given by .

T—p?) =2 Pw\sw
2” 8nm(l +v 1—=5,%)

417y
Similarly, the optimum value of ¢ which minimises V(5 ‘2’) is given
by ¢'(5)=0 and the optlmum variance is given by

o P (Z(E))—'——"{‘(l'{‘ \/ 1 —Pw

ogjt ( D(Z))— e (1 _PII) Sb2+2(1—9w) =2 ...(4"1'8)'

A
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which may be seen to be same as (4'1'4)" above. By comparing
(4'1-3) with (24 1) and (4°1'7) with (2'4'4) it may be seen that if
the objective of the survey is to obtain combined estimate of both
the mean and the difference, the variances of .the estimated mean is
increased by the quantity
pgey®
. 4nm(a®—vq?)
~when samphng pattern I is used and is increased by the quantity
- PPy S102
. (1 — p,2q*)nm
when sampling pattern IT is used. Taking into account the optimum
values of g, under sampling pattern T, ($1:3)" is larger than (2:4*3) by
the qu’mtnty

Y2

(et V)
and under sampling pattern II, (4 1'7y is larger than (2 4:6) by the
quantity .

p’ll] S7112
8nm(1+ v 1—¢,)
Kathuria (1959) obtained estimates of difference of means of two
occasions under both the sampling patterns with the assumptions
made in section 2'1, The variances of these estimates are given by
| _ 2o(e—y)
n(o—1q)

Vi
and
vV 2( [ _Pb)Sb2+2( [— Pw) Swz
1= o
. H(l - qu) nm
where suffices I and Il in the above variance expressions indicate the
corresponding sampling patterns. It may be seen that the increase
. in variance of estimates of difference under both the sampling
patterns is the same as for respective estimates of mean. The
relative efficiencies of the estimates of mean and the difference under
the two sampling patterns may be seen in Tables 4-1, and Table 4-2.
We make the following obsevations regarding the efficiency of
" the sampling pattern I with respect to sampling patterns II regarding
the combined estimates of mean and change. _

() In order to estimate the ‘mean, for ¢ <1 (i.e. S, <S.%),
sampling pattern II is generally better for all values of gy
and p,, except for p,=0, For p;=0, the two patterns are
equally efficient,




(ii) For ¢ >
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1 (i.e. §,% > S3?%), sampling -pattern IT is better

than pattern I for p,>> 0, o, < 0 and < 0, pp> 0. and
vice-versa for p, < 0, p,, < 0 and ¢, > 0, ¢, >0.

(iff) Similarly for estimating the change, sampling pattern II
is better than pattern I for p,<¢ O for all values of p,, and
¢. For p, > 0, sampling pattern I is better that pattern

II.
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. TABLE 2.1°
Relative efficiency of the estimate E® w.r.t. the estimate YW (h=2, 3, 4, 5) for different values of ¢y, pw, @ and for m=4
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TABLY 2-1 (contd.)
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0.0 1.0 0.00 1.00
0.5 095 0.95 0.95
0.7 087 0.88 0.88
0.9 0.70 0.73 0.73

0.77 0.77 0.80
0.90 0.89. 0.91
0.96 0.95 0.96
1.01 1.006 . 1.00
095 0.95 0.95
0.88 0.89 0.88
0.72 0.77 0.75

0.81
0.92
0.97
1.01
0.95
0.88
0.7¢4

0.83
0.93

0.98

1.62
0.95
0.88
0.73

0.86
0.93
0.97
1.00
0.97
.0.93
0.86

9.92
0.96
0.99
1.01
0.96
0.90
0.81

0.05

0.99

0.99 1.03

1.01
1.02
0.96
0.90
0.78

1.05
1.05
0.98
0.90
0.76

0.96
0.97

0.99

1.08
0.99
0.97
0.96

1.02
1.03
1.03
1.62
0.98
0.94

0.90

1.07
1.07
1.07
1.04
0.97

0.95-

0.87

1.16
1.16
1.15

1.01
1.94
0.84

0.99
0.99
1.00
1.00
1.00
0.99
0.99

1.04
1.04
1.03
1.01
0.98
0.97
0.95

1.09
1.08
1.07
1.04

0.99

0.96
0.93

121

1.20
1.18

L12

1.03
0.97
0.90

—0.2 070 072 073
—0.7 0,18 0.88 0.89
—0.5 0.95 095 0.95
0.0 1.00 1.00 1.00
0.5 0.95 0.94 0.95
0.7 0.87 0.87 0.87
0.9 0.70 0.69 0.68

0.74 0.74 0.78
0.89 0.89 0.90
0.96 0.95 0.96
1.01 1,00 1.00
095 095 0.95
0.87 0.89 0.87
-0,67 0.74 0.71

0.79
0.90
0.97
lfUl/
0.95
0.87
0.69

0.81

9.93

0.98
1.02

0.96

0.88
0.68

0.85
0.93
0.97
1.00
0.97
0.93
0.85

0.91
0.96
0.99
1.0}
0.95
0.90
0.78

0.94
1.00°
0.01
1.02
0.96
0.89
0.75

1.€0
1.04
1.06
1.C6
0.98
0.90
0.72

0.96
0.97
0.99
1.00
0.99
0.97
0.96

1.02
1.03
1.03

1.02

0.97
0.94
0.89

1.07
1.07
1.07
1.04
0.98
0.93
0.85

0.99
0.99
1.00
1.00
- 1.c0
0.99
0.99

1.04
1.04
1.03
1.01
0.98
0.96
0.94

1.09
1.09
1.08
1.05
0.99
0.96
0.92

»l.27

1.25
1.24

106
0.98
0.88

44
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10

4

—0.9
—0.7
—0.5
0.0
0.5
0.7
0.9

0.70
0.88
0.95
1.00
0.95
0-87
0.70

0.72
0.88
0.95
1.00
0.94
0.87
0.58

0.72
0.89
0.95
1.00
0.95
0.87

0.67

0.73
0.89
0.96
1.01
0.95
0.87
0.66

¢.74
0.89

0.95

1.00
0.95

0.89°

0.74

0.78 0.79 0.81

0.90 0.91 0,93

. !
0.96 0.97 0.98

1.60 1.01 1c2
0.95 0.95. 0.96
0.87 0.87 0.88
0.70 0.68 0.67

0.85
0.93
0.97
1.00
0.97
0-93
0.85

0.91 0.94 1.00 0.96
0.96 0.99 1.04 0.97
0.99 1.01 1.06 0.99
1.0l 1.02 '1.67 1.00
0.95 0.96 0.99 0.99
0.90 0.89 0.90 0.97
0.78 0.74 0.71 0.96

1.02
1.03
1.03
1.01
0.97
0.94
0.89

1.07
1.07
1.07
1.05
0.98
0.93
0.85

120
1.20
1.20
1.15
1.04
0.95
0.79

0.99
0.99
1.00
1.00
1.00
0.99
0.99

1.04

1.04
1.03
1.01
0.98
0.96

0.94

1.09
1.08
1.04
0.99
0.96
0.92

—0.9
—0.7
—0.5
0.0
0.5
0.7

0.9

0.70
0.87
0.95
1.00
0.95
0-87
0.70

0,71

0.88
0.95
1.00
0.94
0.87
0.68

0.72
0.89
0.95
1.00
0.95
0.87
0.67

0.73
0.99
0.86
1.01
0.95
0.87
0.66

0.74
0.87
0.95
1.00
0.95
0.89

0.74

0:78 0.79- 0.81
0.90. 0.91 0.93
0.96 0.97 0.98
1.00 1.01 1.02
0.95 0.95 0.96
0.87. 0.87 0.83
0.70 0.68 067

0.85
0.93
0.97
1.00
0.97
0.93
0.85

0.91 0.94 1.00 0.96-

0.96 0.99 1.04 0.97
0.99 1.01 1.06 0.99

1.01 1.02 1.07 1.00,

0.95 0.96 0,99 0.99
0.90 0.89 0.90 0.97
0.78 0.74 0.70 0.96

1.02
1.03
1.00
1.02
0.97.
0.94
0.89

1.07
1.07
1.07
1.04
0.98
0.93
10.85

1.21
1.20
1.20

115

1.04
0.96
0.79

0.99
0.99
1.60
1.00
.1.00
0.99
0.99

1.04
1.04
1.03
1.01
0.98
0.96
0.94

1.C9
1.09
1.08
1.04
0.99
0.96
0.92

1.28
1.27
1.25
1.19
1.06
0.99

0.87
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TABLE 3.1

9%

Relative efficiency of the estimate D(h) of change with respect to the estimate d(h) for different values of Py, P, ¢ and q for m=4

—
(@}
c
} g=0.50 - g=0.75 -z
? P, , — — - _ £
,=—09 —07 —0.5 00- 05 07 09 [P,=—09 —07 —05 00 05 07 09 O
) . ™
—0.9 0.52 053 054 0.55 056 0.57 0.57 051 051 052 052 053 054 054 &
—0.7 070 070 070 070 070 071 0.71 064 064 0064 064 064 065 065 3,
—0.5 0,79 079 079 0.79 0.79 ' 079 0.80 073 073 03 9735 - 073 073 073 Z.
0.1 0.0 1.01 1,00 1,00 1.0 100 160 1.0l 101 100 100 100 100 100 1.01 ?3
0.5 1,38 136 135 134 135 135 1.36 1.62 160 1.60 159 1.66 1.600 1.61 3.
0.7 1.68 1.64 1.63 161 161 1.62 1.64 218 215 213 211 211 211 215 o
09 244 229 223 216 213 214 2.20 368 352 344 330 322 323 335 g
: z
Q.
—0.9 0.5¢ - 0.5¢4 0.56 058 0.61 062 0.63 0.52 053 0.53 055 057 057 058 &
_ . ) : . =
—0.7 071 070 070 C.71 072 073 0.73 065 0.65 065 065 ‘066 066 067 - S
>
—0.5 080 0.80 079 0.80 -0.80 0.81 0.81 07¢ 073 073 073 074 074 0795 ©
. . o
0.25 0.0 1.03 1,00 100 1.00 100 1.01 1.02 1.01 100 100 1.00 100 -1.01 102 3
. h -
05 141 .1.36 134 1.3 1.33 1.64 1,36 162 158 1.7 156 156 157 161 &
0.7 172 164 161 157 1.57 1.58 162 217 210 207 203, 200 203 21 Q-
0.9 251 225 215 203 198 200 2l 360 -3.3¢4 3.22 301 . 2.87 2.88  3.09
R Y L Y e




—0.9 0.58 0,61 O.ps 0.68 0.72 073 0.76 0.56 058 0.60 0.62 0.64 0.66 0.68
—07 074 074 074 076 0,78 0.80 0.82 0.69 0.68 0.69 070 0.71 072 0.75
. —0.5 085 082 0.82 082 08 0.8 0.88 0.78 0,76 0.76  0.77 0.7% 0.79 0.82
1.0 0.0 1,08 103 1.01 1.00 1.01 1.08 1.07 - 1.05 1.0z 1.1 100 101 1.03 1.09
0.5 147  1.34  1.30 1.26 1.27 1.30 1.37 138 149 147 143 144 147 1.60
0.7 L76 156 150 . 1.43 1.42 1.46 157 202 187 1.82 174 172 176 1.96
0.9 233 194 112 " 1.68 - 1.61 1.63 1.81 2.°8 255 244 22 209 208 235
—0.9 068 -0.73 376 0.80 0.84 0.7 0.94 0.67 070 073 ~ 074 077 0.80 0.89
—0.7 084 0.82 0.82 0.85 0'.‘és 091 098 0.9 0.78 078 079 0.82 0.8 0.95
T-05 094 089 0.88 0.89- 0.92 0.95 1.03 0.88  0.84° 0.84 0.8¢ 087 090 1.01
4. ,o‘.o'. L17 105  1.02  1.00 1.02  1.06 1.17 .10 1.03 1.0l 1.00-7 1.02 1.0l 1.23
0.5 146 125 119 134 1.5 1.19 1.36 143 130 1.26 1.23 123 1.28 1.52
0.7 1.63 136 1.28 1.22 "1.21 1.24 1.42 1.63 145 141 136 1.3¢ 137 1.63
0.9 1.8¢ 149 139 131 1.26 1.6 1.39 1.89  1.65 159 1,52 1.44 1.42 1.5.6
—0.9 0.79  0.83 0.85 0.88 0.92 0.96 1.09 0.80 0.81 0.82 08¢ 087 092 1.09
—0.7 091 0.8 0.89 091 094 099 112 0.87 -0.86 0.86 0.87 090 095 1.3
—0.5 1.00 0.93 0.93 0.93 096 1.0l 1.15 0.5¢4 090 0.90 090 093 098 1.18
10.0 0.0 119 105 1.62 1.00 1.02 1.06 1.23 .12 1.02 1.01 1.00 1.02 1.07 1.80
0.5 189 117 111 108 108 1.1 1.29 1.31 117 114 112 112 116 1.39
0.7 147 122 116 111 'L10 112 1.28 40 124 120 1.18 116 1.18  .1.38,
0.9 1.57 120 128 115 113 1138 1.19 150  1.32 1.28 124 1.20 1.19
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TABLE 4.1

8

Relative efficiency of D2 wrt d @ for different values of Py, Py, ¢ and g for m=4.

B<
g+0.5 g=0.75 S
6 | P ' z
Py=—09 —0.7 —0.5 00 05 (7 09 | Pp——09 —07 —05 00 05 07 09 °
! — :’
—0.9 071 071 071 071 071 071 071 0.62 062 062 0.62 062 062 0,62 =5
—0.7 ¢.76 076 0.76 076 0.76 .76 0.76 0.67 067 0.67 067 0.67 0.67 0.67 g
05 081 081 08l 081 0.8 081 0.8L 074 074 074 074 074 074 074 E
0.1 0.0 100 1.00 100 100 160 1.0 1.01 100 100 1.00 160 100 1.00 1.01 P \
0.5 135 135 1,3¢ 134 134 134 135 . 160 160 160 1.59. 159 160 1.61 %
0.7 1.60 159 1,59 157 157 157 1.59 214 213 212 210 209 210 213 ;
0.9 2,15 212 1.09 2.07 201 202 2.08 342 337 832 319 310 312 323 g_
—0.9 0.72 072 072 0.72- 072 0,72 0.73 0.63 063 063 063 063 063 0.63 g
—0.7 0.76 076 076 0.76 0.76 077 0.77 0.68 0.68 068 0.68 0.68 0.63 0.69 §
—0.5 0..2 0.81 0.8 081 0.82 0.82 083 074 074 974 074 075 075 - 0.76 Z.
9.25 0.9 1.00  1.00  1.00. i.oo 1.06 1.el 1.02 .00 1.00 100 100 100 10! 103 E_
0.5 135 .1.3¢ 133 132 132 1.33 1.35 158 158 157 157 156 L57 161 E,'l_:
0.7 1.60 158 1.57 1.54 1.53 154 1.58 209 207 2.06° 202 200 202 210 al
0.9 211 2,06 2.02' 1.901 286  1.89 2.00 397 820 813 293 . 277 278 3.00




A e o
—0.7 0.75 059 075 0.75 0.6 076 0.78 067 066 0.66 066 066 0.67 0.70

—0.7 079 079 079 0.9 0.80 081 0.83 o1 071 071 071 072 073 0.75

—0.5 0.84 0.84 084 084 085 086 0.88 077 077 077 077 078 0.9 (.83

1.0 0.0 01 1.01 1,01 190 1.01 1.03 1.07 .01 100 1.00 100 1.01 103 1.9
05 131 130 1.29 126 126 129 1.36 148 147 146 144 144 148 1.6l

0.7 151 149 147 1.4 139 143 1.53 .84 183 181 174 171 1.75 195

0.9 1.84 1.80 175 1.63 154 136 L.74 249 246 241 224 204 202 231

—0.9 0.8, 082 0.82 082 0.85 08 0.95 076 076 0.75 075 077 080 0.89

—0.7 0.86 0.8 085 0.85 0.88 0.92 0.9 080 0.80 0.80 079 082 085 0.95

—0.5 090  0.89 089 0.89 092 096 0.04 035 0.85 0.84 0.84 087 091 1.02

4 0.0 ic2 1.01 101 100 163 1.7 118 100 1.0l ‘100 100 102 1.67 1l.24
0.5 110 118 117 L14 115 119 134 .25 125 125 1.23 1.23 129 154

-0.7 1.28 1.27 127 122 120 123 1.39 1.39 140 139 136 133 _ 1.37 1.63

0.9 1.30 138 136 1.30 1.24 1.23 136 159 1.58 157 152 143 1.40 1.55

—0.9 0.89 0.89 089 0.89 092 098 110 0.84 084 084 0,84 - 087 092 110

—0.7 092 091 091 091 094 100 113 0.88 0.87 0.87 -0.87 090 0.95 1.15

=05 094 094 094 093 097 102 1.16 081 091 091 080 093 099 1.20

10 C.0 101 1.01 1.01 160 1.2 1¢$ 1.23 1.0 1.00 1.60 1.00 102 1.8 1.2
0.5 1,10 1.0 109 1,08 1.08 1.11 127 1112 113 113  LI12° L12 116 1.40

0.7 114 114 L13 111 110 112 125 118 119 119 118 116 1.8 1.38

) 09 L8 108 LIS 115 112 LIl 1.18 125 12 1.26 124 120 118 125
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TABLE 4.1 -

Relative efficiency of —Z__(‘?) W.rt. Z(2) for different values of Py, Py, ¢ and q for m=4

g=.50

. ) ) g=.75

" P, , o | . . S - .
[Fo==09 =07 —05° 00 05 07 09|P=—09 —07.—-05. 00 05 07 09

—0.9 081 081 0.82 0.82 - 083 0.83 0.8 . ' 079 080 080 08 082 082" 0.83

0 —oa 090 090 0.0, 090 091" 0.01 091 091 091 081 001 092 092 .092

, 05 095 095 095 095 096 096 096 0.96 096 0.96 096 . 096 097 0.97
0.1 0.0 100 100 1.00 100 1.00 1.00 1.00 100 100 100 100 100 100 1.00
0.5 - 096 096 ".0.?6 0.95 095 095 0.95 0.97 097 096 096 096 096 0.9

07 091 091 - 091 0.90 090 090 0.90° 092 095 092 001 091 09l 091

0.9 0.84 ' 0.83 0.8 082 0.82 . 0.81 0.8 0583 0.82 082 0.8l 0.80 0.80 0.79

—0.9 082 02 052 084 085 086 0.87 080 080 081 083, 085 0.8 0.87 -

Yy 0.90 0.0 0.0 ° 0.91 0.92° '0.93 0.93 0.91 091 091 092 093, 094 095

; —0.5 095 095 095096 096 097 0.98 097" 096 0.6 096 097 008 0.08
10.23 00 101 101 100 100 . 1.00 1.0 1.01 101 100 1.00 100 100 1.00 101
0.5 098 097 096 096 0.95 095 0.6 0.98 098 097 096 096 096 097

0.7 095 093 092 091 090 090 0.90 095 094 093 092 001 00l 06l

0.9 0.87 0.85° '0.85 0.8 0.85 . 0.81' 0.80 .0.80

0.86

0.82 0.82

0.87

0.86

0.83

'
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AR A

—0.9 0.8¢ 085 06 089 093 0.95 0.98 0.82 0.84 0.85 090 0.94 096 0.99

—0.7 092 091 092 094 097 099 1.01 093 0.92 093 095 097 099 1.02

—~0.5 0.97 096 .0.96 097 099 1.0l 1.03 098 097 097 098 099 1.01 1.04

1.0 0.0 103 102 100 100 1.0l 102 103 104 102 101 100 101 1.02 104
0.5 1.03  1.00 099 0.97 096 0.96 0.97 1.04 1.0l 099 098 097 097 0.98

0.7 101 099 097 094 0.92 092 0.92 1.02 099 097 095 093 092 093

0.9 0.98 095 093 089 0.86 085 0€4 0.99 096 094 090 085 084 0.82

—0.9 0.89 090 092 096 102 105 1.10 0.88 0.0 092 097 1.01 105 112

Y 0.95 0.94 095 098 1.02 105 110 0.96 0.95 096 098 102 1.05 111

—0.5 0.09 0.98 0.97 0.99 103 1.05 110 1.01  0.98 098 0.99. 1.02 1.05 111

4 0.0 1.06 1.0 1.0l 100 1.01 108 1.06 1.08  1.03 1.01 - 1.00 101 1.03 1.08
0.5 110 1,06 103 099 097 098 099 L1l 105 102 099, 098 098 L0

0.7 110 1.05 1.02 098 095 094 0.95 111 105 1.02 098 0.96 0.95 0.96

0.9 110 105 102 0.96 0092 0.90 0.89 112 105 1.01 0.97 092 090 0.88

. —0.9 0.94 0094 096 099 104 007 LI2 0.93 094 096 0.99 103 106 115

—0.7 007 097 097 099 1.08 106 LIl 098  097. 098 099 1.08 106 1.4

—0.5 1.00 099 09° 100 1.03 1.05 LIO 102 090 099 100 102 105 113

10 -0.0 106  1.08 1.0l 1.00 1.01 1.03 1.06 109  1.03 1.01 100 101 1.03 1.09
0.5 110 1.05 103 100 098 199 100 -  LI3 . 105 1.02 1.00 099 0.99 1.02

0.7 L1l 1.06 1.03 099 097 097 097 114 1.06 1.038 0.99 098 0.97 098

0.9 012 1.07 1.04 0.99 096 0.9% 0.94 115 106 1.03 0.99 096 0.94 0.93
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